ABSTRACT
INTRODUCTION
Most modern spark ignited (SI) internal combustion engines maintain their engine air-to-fuel ratio (AFR) at a desired level to maximize the three-way catalyst efficiency and to extend its life. Operating SI engines at a desired AFR is due to the fact that the highest conversion efficiency of a three-way catalyst occurs around a stoichiometric air-to-fuel ratio. The control of AFR is an increasingly important control due to the federal and state emission regulations, and in recent years there have been several fuel control strategies developed for automotive engines to improve the efficiency and to reduce exhaust emissions. These AFR research efforts include adaptive control [1] , sliding mode control [2] , linear parameter-varying control [3] , and flex-fuel puddle compensation [4] .
Production air-to-fuel ratio control is commonly achieved by combining feedback and feedforward control of the fuel injection for a given air charge in the cylinder. The feedback control is based on the oxygen sensor measurement of the AFR and due to the flow transport delay, and the feedforward control is used to reduce transient effects of the port fuel injector (PFI) wall wetting dynamics. There is increasing literature on improving transient AFR control, see [5] , [6] , [7] , [8] , and [9] . Conventional feedforwad AFR control is based on inverse fueling dynamics, where it is primarily derived from the estimated cylinder air charge divided by the desired stoichiometric ratio of the air and fuel ( [4] , [10] , and [11] ). Although the use of feedforward control can significantly improve the transient response of AFR, there is certain room for improvement.
An alternative approach of designing a feedforward AFR control is to use the measured air flow at the engine throttle and its transport delay between engine throttle and cylinder to track the desired AFR during engine transients. This control is expected to reduce the AFR tracking error during engine transients.
In this paper, a control oriented model of the fuel and air flow dynamics is used for AFR control design and evaluation. The fuel flow model includes the wall wetting dynamics of a PFI injector; and the air flow model includes throttle dynamics, transport delays, and manifold filling dynamics. A finite horizon linear quadratic (LQ) tracking AFR controller is designed based on this model to track the estimated airflow into the engine cylinder during engine transients. The finite horizon LQ tracking control law is updated at every control step and only the first control signal is used for real-time control. The developed control strategy is validated in simulation and compared with the conventional inverse fueling dynamics control law and showed improvements in the AFR over the conventional controller during engine transients. This paper is organized as follows. It begins by presenting an engine airflow and fuel flow model, followed by a section that describes an innovative LQ tracking controller that adjusts the fuel injection quantity during engine transient operations. Next, simulation results are shown, and finally conclusions are discussed.
AIRFLOW AND FUEL FLOW MODEL
The control problem studied in this paper is to adjust the port fuel injection rate ω PFI so that the engine AFR deviation from the desired level (e.g., stoichiometry) is minimized during engine transient operations.
A control oriented hardware-in-the-loop (HIL) four cylinder dual-fuel mean-value engine model developed based upon [12] and modified from [13] was used to design the air and fuel flow model used in this study. The term "mean-value" indicates that the previously developed engine model neglects the reciprocating behavior of the engine, assuming all processes and effects are spread out over the engine cycle. During HIL simulation, this model describes the input-output behavior of the physical engine systems with reasonable simulation accuracy using relatively low computational throughput. Reference [14] provides a good overview of engine modeling, and most of dynamic equations used in the four cylinder model are from this reference book. This engine model also includes all engine transient dynamics. Figure  1 shows the overall mean-valve engine model architecture, along with main sub-system models, such as air-to-fuel ratio, manifold air pressure (MAP), brake mean effective pressure (BMEP), engine torque, exhaust temperature, etc.
The subsystems from Figure 1 that were used for the airflow and fuel model in this study were the throttle and intake manifold dynamics model, fueling dynamics model, air charge model, and engine combustion AFR calculation. The equations used to describe these dynamics and calculations were simplified for controller design purposes and a linear air and fuel flow model was created as follows.
The engine throttle plate dynamics are modeled by the following transfer function 
The isothermal model of the filling dynamics of an engine 
where τ 2 is chosen to be 0.05 in this model. The air flow travel delay from engine throttle to cylinder, typically a function of engine speed, is approximated as a pure transport delay and is chosen to be 100ms.
The fuel flow for wall-wetting dynamics from the port injector is modeled by the following transfer function
where α and β are selected to be 0.5 and 0.8, respectively, in this model. In addition to the wall-wetting dynamics, there is an average PFI fuel injection delay of 50ms, which is approximated by a unitary gain first order transfer function. The state space representation for the complete PFI fueling dynamics is 2 2 1 0 1
Note that y fuel = ω PFI .
Due to the three way catalyst used for emission control, most engines are design to achieve a target A/F ratio around stoichiometric. For this study, we use a normalized target A/F ratio, λ target , which is defined as desired air-to-fuel ratio divided by stoichiometric air-to-fuel ratio. Note that at stoichiometry the normalized target A/F ratio is equal to one. The normalized A/F ratio can be calculated as:
A schematic diagram of the AFR control scheme is shown in Figure 2 and the details of the LQ tracking controller will be discussed in detail in the following section.
LINEAR QUADRATIC TRACKING CONTROLLER
In this section, a finite horizon linear quadratic (LQ) tracking AFR controller is designed based on the model previously described to track the desired normalized air-to-fuel ratio during engine transients. More specifically, the control objective is for y fuel to optimally track λ target over a given time interval. Later, the optimal control problem was transferred to the equivalent optimal control problem to minimize the tracking error between the measured airflow and the product of fuel flow and desired air-tofuel ratio.
The continuous time system in (5) is discretized at a sample rate of 10 ms. Thus it becomes a linear, time-invariant system described below
The values for the matrices of discrete time system (7) 
Similarly, the output of the continuous time system in (2) is discretized at a sample rate of 10 ms. For notational simplicity, x k , u k , y k , and z k will be used to denote the system state, control, output, and reference airflow vectors, respectively at time k. Consider the discrete-time, linear time-invariant system in (7) and define the performance cost function to be minimized as
where, x k , u k , y k , and z k are n, r, n, and n dimensional vectors, respectively. Also F and Q are n×n positive semidefinite symmetric matrices and R is an r×r positive definite symmetric matrix. The initial state is x k0 and the final state x kf is free with k f fixed, thus this is a finite horizon linear quadratic (LQ) control problem. The performance cost function is chosen such that the error
is as small as possible with minimum control effort. To begin the methodology to obtain the solution for the optimal tracking system, first formulate the Hamiltonian as
Following the approach from [15] , equations for the state x, costate p, and control u can be obtained
Note that in the above equations "*" denotes the optimal trajectories of the corresponding vectors. The final condition becomes
Substituting the open-loop optimal control of (13) into (11) and (12) , the following system is obtained
where, E=BR -1 B T and V=C T QC.
Next we assume that the final condition in (14) is of the form
where the matrix K k and vector g k are from [15] . By substituting (16) into state equation (15), the following can be obtained
where
The corresponding boundary conditions for (17) and (18) respectively, are
(21) Note that (17) is a nonlinear matrix difference Riccati equation to be solved backwards using the final condition (20), and the linear vector difference equation (18) is also solved backwards using the final condition (21). Once these equations have been solved, the control equation in (8) can be rewritten as ( ) (22) by R and solving for the optimal control results in
25) Note that (23) requires the state x, which is used as feedback from the fueling dynamics. Therefore, (23) is a closed loop optimal control. Lastly, the optimal state trajectory in (11) can be rewritten using (23) as ( )
The implementation of the discrete time LQ tracking controller begins by discretizing the estimating the manifold filling dynamics in equation (3) at a sample rate of 10 ms, resulting in the following, Figure 3 shows the details of the implementation of the LQ tracking control scheme. First, the estimated air flow measured by the mass airflow sensor is used to estimate the manifold filling dynamics of (27). Next, this estimated airflow must be sampled every 10 ms and indexed for a fixed number of sample times, N. These N samples are used as the reference vector z, thus z has length N. This is done so that for every control step of 10ms, the control gain matrices and Riccati difference equations can be solved for each of the given N samples. As shown, the Riccati difference equations (17) and (18) are solved backwards for N steps and are updated every 10ms, where k 0 = 0 and k f = N. Similarly, the controller matrices (24) and (25) are calculated during the same control step and the closed loop optimal control (23) is obtained. Consequently, at the next control step only the first control signal out of the entire N control signals that were calculated is used for controlling the PFI injector and in the next step, N control signals will be recalculated using the updated airflow estimation. Note for this study N was set equal to 10, and thus the controller requires 10 samples of estimated airflow to solve the Riccati equations and determine the controller matrices at every control step which equates to 100 milliseconds of real time simulation. Due to the airflow transport delay, there is sufficient time to calculate the optimal fueling based upon the predicted air flow into the engine cylinder.
SIMULATION RESULTS
A baseline inverse fueling dynamics controller was developed for comparison purposes to the LQ tracking controller. The controller uses the inverse wall wetting dynamics of the PFI injector and the estimated airflow measured by the mass airflow sensor to determine the desired stoichiometric ratio of the air and fuel. The baseline controller also includes the estimated manifold filling dynamics and a pure delay to match the transport delay of the airflow from the throttle to the engine cylinder, see Figure 4 . It was found that increasing the eigenvalues of Q is equivalent to decreasing R. Physically, choosing R to be relatively small is due to the rate of fuel injected by the PFI injector which is less than 1 milligram per second. Selection of the weighting matrices F, Q, and R indicates that less emphasis is placed on the control effort, u, in the performance cost function of (8) . Or equivalently, minimizing the tracking error (9) is most important regardless of the amount of control effort. This is suitable since the overall control problem is to minimize the engine AFR deviation from a desired level during engine transient operations, which in general will improve engine fuel efficiency and reduce engine emissions. Placing more emphasis on minimizing the tracking error from the selection of these matrices was found to be acceptable because there was no singularity in the solution of the Riccati equations and also the fueling input was not saturated.
A constant air flow of 0.5 milligrams/s was used to begin simulation 1. Figure 5 shows the response of the inverse fueling dynamics controller and the LQ tracking controller for simulation 1. The simulation adds 2% sensor noise to the estimated airflow across the throttle, and adds a step increase of 25% airflow at the 5th second. At the 10th second a decrease of 15% airflow was applied. The upper plot of Figure 5 shows the air flow into the cylinder and its relative fuel flow, and the lower plot shows the AFR response to the throttle changes. The LQ tracking controller maintains the maximum AFR deviation from stoichiometry to fewer than 2%, whereas the inverse fueling dynamics controller only maintains the maximum AFR deviation to 6%.
To further validate the LQ tracking controller, the fourcylinder mean value model discussed in the beginning of modeling section was used in simulations 2 and 3. A constant throttle opening of 40% was used to begin simulation 2. Figure 6 shows the response of the inverse fueling dynamics controller and the LQ tracking controller for simulation 2. Similar to simulation 1, this simulation also adds 2% sensor noise to the estimated airflow across the throttle, and adds a step increase of 25% to the throttle opening at the 5th second. At the 10th second a decrease of 15% to the throttle opening was applied. The upper plot of Figure 6 shows the air flow into the cylinder and its relative fuel flow, and the lower plot shows the AFR response to the throttle changes. Again, the LQ tracking controller maintains the maximum AFR deviation from stoichiometry to fewer than 2%, whereas the inverse fueling dynamics controller only maintains the maximum AFR deviation to 9%. For the previous simulations a constant target relative AFR of 1 was used. In simulation 3, it begins with a target relative AFR of 1 and a constant engine throttle opening of 40%. At the 5 th second the simulation adds both a step decrease of 0.05 to the relative AFR and a step increase 25 % to the throttle opening the. At the 10 th second both an increase back to unity AFR and a decrease of 15% to the throttle opening is achieved. This is to simulate the step-throttle engine operation where the reference air-to-fuel ratio is reduced to improve engine knock tolerance. Figure 7 shows the response of simulation 3 under the throttle changes and engine relative AFR changes. As seen in the lower plot of Figure 7 , the LQ tracking controller maintains the deviation of the AFR from stoichiometry to fewer than 2%. The inverse fueling dynamics controller has an AFR deviation of 5%. 
